
Actions of big mapping class groups

Juliette Bavard (Rennes)
Alden Walker (IDA/CCR-La Jolla)

April 30



Motivation

MCG(infinite type surface) can be big. On what objects does it
have useful actions?

I The ray/loop graph, one possible generalization of the curve
graph for finite type surfaces.

I S1, coming from the action on the boundary of a cover.

The action on the hyperbolic graph is powerful but complicated.
We can use the second action to study the first: loxodromic
elements (on the graph) have nice dynamics on S1.

As an application, we can find many quasimorphisms on MCG.



Outline

1. Ray/loop graph background for R2 − Cantor

2. High-filling rays and the boundary of the loop graph

3. Equators for infinite type surfaces

4. Loxodromic elements and S1 actions

5. Quasimorphisms
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Motivation

Let S be the surface R2 − Cantor ∼= S2 − Cantor ∪ {∞}.

S admits a hyperbolic metric, so we can think of it as on the right.



Motivation

We wish to understand the mapping class group MCG(S) of
homeomorphisms of S . Equivalently, homeos of the plane fixing
the Cantor set up to isotopy fixing the Cantor set.



Motivation

Why?

I It serves as a limit of finite type surfaces

I It is a natural supergroup of Thompson’s group V

I It is intrinsically interesting



Background 1: δ-hyperbolic

Recall: a metric space is δ-hyperbolic if triangles in the space are
thin:

There is a δ such that for every triangle, each side is contained in
the δ-neighborhood of the other two sides.



Background 1: δ-hyperbolic

Examples: hyperbolic space H2, a tree, a graph in H2.

δ-hyperbolic spaces are nice to work with.



Background 2: The curve graph

An important tool for studying MCG(finite type surface) is the
curve graph.

Vertices are simple closed curves. There is an edge between two
vertices if the curves are disjoint.



Background 2: The curve graph

An important tool for studying MCG(finite type surface) is the
curve graph.

The curve graph is a δ hyperbolic graph on which the mapping
class group acts by isometries. Homeomorphisms can be classified
by their action on the curve graph.



The ray graph

An important tool for studying MCG(finite type surface) is the
curve graph.

However, on S , for any two loops, there is a disjoint loop: the
naive generalization of the curve graph has diameter 2.



The ray graph

The curve graph cannot serve. Danny Calegari defined the ray
graph, which we call R.

Think of S as S2 − Cantor ∪ {∞}. We draw it flat with ∞ in the
middle.



The ray graph R

Vertices of the ray graph: rays from ∞ to a point on the Cantor
set.
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The ray graph

Vertices of the ray graph: rays from ∞ to a point on the Cantor
set.



The ray graph R

Two vertices are connected by an edge if they are disjoint after
isotopy.



The ray graph R

Note the ray graph is big. Here is (a few rays from) an
uncountable clique of vertices:

In fact every vertex is part of an uncountable clique!



The ray graph R

MCG(S) acts on R by isometries.

Every homeomorphism clearly preserves disjointness-after-isotopy,
so it sends rays to rays and edges to edges.



The ray graph R

Theorem (Bavard)

The ray graph has infinite diameter and δ-hyperbolic.

Hence, the ray graph is a good proposed version of the curve graph
for the infinite-type surface S .

Remark: The ray graph is quasi-isometric to the loop graph.



The ray graph R

We have

I R is infinite diameter and δ-hyperbolic

I MCG(S) acts on R by isometries

For any δ-hyperbolic space X , there is an abstract way to add
Gromov boundary ∂X “at infinity”.

This Gromov boundary is useful for the curve complex.



The Gromov boundary
Every Gromov hyperbolic space X has a Gromov boundary ∂X .

If X is proper (closed balls are compact), then ∂X can be given as
equivalence classes of geodesic paths (equivalent if they stay a
bounded distance apart).

We see ∂H2 = S1.

We can’t use this because R is not proper (recall uncountable
cliques of rays).



The Gromov boundary for non-proper spaces

The Gromov product for x , y , z ∈ X :

(x , y)z :=
1

2
(d(x , z) + d(y , z)− d(x , y))

x

y

z



The Gromov boundary for non-proper spaces
Gromov product: x , y , z ∈ X ,

(x , y)z :=
1

2
(d(x , z) + d(y , z)− d(x , y))

Let z ∈ X be a base point. A sequence (xn) of elements in X is
said to Gromov-converge to infinity if:

lim inf
i ,j→∞

(xi , xj)z =∞

yes no



The Gromov boundary for non-proper spaces

Gromov product: x , y , z ∈ X ,

(x , y)z :=
1

2
(d(x , z) + d(y , z)− d(x , y))

Let z ∈ X be a base point. A sequence (xn) of elements in X is
said to Gromov-converge to infinity if:

lim inf
i ,j→∞

(xi , xj)z =∞

Two such sequences (xn) and (yn) are said to be equivalent if:

lim inf
i ,j→∞

(xi , yj)z =∞

The Gromov boundary ∂X of X is the set of equivalence classes of
sequences in X which Gromov-converge to infinity.



The Gromov boundary for non-proper spaces
The topology on the Gromov boundary:

For P ∈ ∂X , r > 0, define:

U(P, r) := {Q ∈ ∂X |∃[(xn)] = P, [(yn)] = Q : lim inf
i ,j→∞

(xi , yj)z > r}

This is a basis of open sets.

P

Q

r



The ray graph R

It is nice that the Gromov boundary ∂R exists. But it is abstract
and unhelpful.

For finite type surfaces, there is a nice characterization of the
boundary of the curve complex.

Finite type surface S

graph curve graph ray graph R
boundary ∼= projective measured laminations ???

Our goal is to characterize the boundary ∂R.



Outline

See an example of an infinite geodesic path “going to infinity”.

There is an obvious heuristic “limit” of this geodesic similar to a
lamination on a finite type surface.

Formalize the heuristic and prove our concrete set of limit points is
homeomorphic to the Gromov boundary.



Description of an infinite geodesic of the ray graph

I Sequence of rays (αk)k≥0 such that d(α0, αk) = k for all k .

I d(β, α0) = 2

I d(β, α1) = 3: every ray disjoint from α1 begins like α0.
I d(β, α2) = 4: every ray disjoint from α2 begins like α1.
I By induction: d(β, αk) = k + 2 for all k .

α0

β
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The boundary of the ray graph?

α0α1α2

α3 α4 α5

This infinite geodesic in the ray graph has a heuristic limit, which
is a ray which never ends — a long ray, the ray version of a
lamination on a finite type surface.



The conical cover
In order to formalize long rays, we use the conical cover

Since S is hyperbolic, its universal cover is H2:

∞
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The conical cover S̃ has a distinguished lift ∞̃ of ∞.



The conical cover

The conical cover is H2; its boundary is S1.

Consider geodesics γ in S̃ such that π(γ) is simple in S .

We get (short) rays (ending on a lift of a Cantor set point)
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We get (short) rays, loops (ending on a lift of ∞)



The conical cover

The conical cover is H2; its boundary is S1.

Consider geodesics γ in S̃ such that π(γ) is simple in S .

We get (short) rays, loops, and long rays



The completed ray graph R ′

Definition

I Vertices: isotopy classes of short rays, loops or long rays

I Edges: between two vertices iff they have disjoint
representatives.

(better to think of geodesic representatives rather than isotopies of
long rays)
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The completed ray graph R ′

Definition

I Vertices: isotopy classes of short rays, loops or long rays

I Edges: between two vertices iff they have disjoint
representatives.

(better to think of geodesic representatives rather than isotopies of
long rays)



The completed ray graph is not connected



Connected components of the completed ray graph

Theorem 1 [Bavard-W]

The connected components of the completed ray graph R ′ are the
following:

I One connected component of infinite diameter, the main
component, which is quasi-isometric to the usual ray graph R.

I Infinitely many cliques, i.e. connected components of
diameter 0 or 1

RR ′

The cliques contain high filling rays — long rays with no disjoint
short ray.



Examples of cliques



Examples of cliques



The completed ray graph

Theorem 2 [Bavard-W]

There exists a bijection between the Gromov boundary of the ray
graph and the set of cliques of the completed ray graph.



The Gromov boundary of the ray graph

Theorem 2 [Bavard-W]

There exists a bijection between the Gromov boundary of the ray
graph and the set of cliques of the completed ray graph.

Two directions:

1. Given a point q in the Gromov boundary, there is a unique
clique C such that any sequence xn with [xn] = q has its limit
points on the boundary of the conical cover contained in C .

2. For every clique C , there is a Gromov-converging sequence
with a limit point in C



The Gromov boundary of the ray graph

Theorem 2 [Bavard-W]

There exists a bijection between the Gromov boundary of the ray
graph and the set of cliques of the completed ray graph.

Two directions:

1. Given a point q in the Gromov boundary, there is a unique
clique C such that any sequence xn with [xn] = q has its limit
points on the boundary of the conical cover contained in C .

2. For every clique C , there is a Gromov-converging sequence
with a limit point in C



The Gromov boundary of the ray graph

Theorem 2 [Bavard-W]

There exists a bijection between the Gromov boundary of the ray
graph and the set of cliques of the completed ray graph.

Two directions:

1. Given a point q in the Gromov boundary, there is a unique
clique C such that any sequence xn with [xn] = q has its limit
points on the boundary of the conical cover contained in C .

2. For every clique C , there is a Gromov-converging sequence
with a limit point in C



Three versions of the same point on the Gromov boundary



Homeomorphism

We defined the topology on ∂R: the Gromov topology.

Natural toplogy on the set of cliques: a quotient of a subset of the
circle (boundary of the conical cover).

conical cover

cliques



Homeomorphism

conical cover

cliques R

∂R

Theorem 3 [Bavard-W]

The bijection defined in Theorem 2 is a homeomorphism.



Illustration: examples of loxodromic actions
I Let h be an element of MCG(S) with a loxodromic action on

the ray graph.
I By definition, there are two fixed points h+ (attracting) and

h− (repelling) on the boundary corresponding to cliques C+

and C−.
I For every ray x , {hn(x)}n≥0 accumulates in C+ and
{h−n(x)}n≥0 accumulates in C−.



Examples of loxodromic actions

x1, x2:



Examples of loxodromic actions

h2(x1)), h2(x2):



Examples of loxodromic actions

h4(x1)), h4(x2):



Examples of loxodromic actions

h6(x1)), h6(x2):



Examples of loxodromic actions
h6(x1)), h6(x2):

Note the rays are not the same. Their endpoints are very different
on the boundary of the conical cover. But they are disjoint, so the
limits are the same clique: the attracting limit of point h on the
Gromov boundary.



Examples of loxodromic actions
x1, x2:



Examples of loxodromic actions
h2(x1), h−2(x2):



Examples of loxodromic actions
h4(x1), h−4(x2):



Examples of loxodromic actions

h6(x1), h−6(x2):



Examples of loxodromic actions

x1, x2:



Examples of loxodromic actions

h2(x1), h−2(x2):



Examples of loxodromic actions

h4(x1), h−4(x2):



Examples of loxodromic actions

h6(x1), h−6(x2):



Some proof ideas

Theorem 1 [Bavard-W]

The connected components of the completed ray graph R ′ are the
following:

I One connected component of infinite diameter, the main
component, which is quasi-isometric to the usual ray graph R.

I Infinitely many cliques, i.e. connected components of
diameter 0 or 1

Theorems 2-3 [Bavard-W]

There exists a homeomorphism between the Gromov boundary of
the ray graph and the set of cliques of the completed ray graph.

A key technique is the ability to translate from long rays
representing cliques to quasi-geodesic sequences in the ray graph.



Some proof ideas: unicorn paths

How do we produce a sequence of rays out of a high-filling ray?

We generalize the unicorn path construction.



Unicorn paths

Hensel-Przytycki-Webb defined unicorn paths between arcs on
finite-type surfaces.

They used unicorn paths to prove uniform hyperbolicity of the
curve graph.

Bavard used their construction to prove uniform hyperbolicity of
the loop graph.



Unicorn path example
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Unicorn path example
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Unicorn path example
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Unicorn path example
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Unicorn path example

b

a

a

b



Unicorn paths are close to geodesics

Lemma (Bavard)

The unicorn path between loops a and b is Hausdorff distance at
most 13 from a geodesic in the loop graph.

Lemma (Bavard)

The map which takes a short ray to a disjoint loop is a
quasi-isometry between the ray graph and loop graph.

Thus we can use unicorn paths to produce geodesics in the ray
graph (also in the completed ray graph).



Infinite unicorn paths

Pho-On defined infinite unicorn paths in the curve graph to
produce laminations on finite type surfaces.

We use a similar idea to produce infinite unicorn paths towards a
long ray.



Infinite unicorn paths
Given a loop a and long ray `, produce the unicorn path P(a, `) by
following ` (more and more), and then a.



Infinite unicorn paths and the boundary

Part of Theorem 2 [Bavard-W]

Let ` be a long ray in a clique C . Then for any loop a, the
sequence P(a, `) represents the point on the Gromov boundary
corresponding to C .

If (xi )i is an sequence Gromov-converging to infinity, take any limit
point ` of (xi )i on the conical cover. Then ` is a high-filling ray
and P(a, `) ∼ (xi )i .



Infinite unicorn paths and the boundary

Theorem 3 [Bavard-W]

The set of cliques is homeomorphic to the boundary.

conical cover

cliques R

∂R

The proof is by showing that iff two long rays `1, `2 begin like each
other (close in the conical cover), then lim inf(P(a, `1),P(a, `2))z
is large ([P(a, `1)] and [P(a, `2)] are close).



Outline

1. Ray/loop graph background for R2 − Cantor

2. High-filling rays and the boundary of the loop graph

3. Equators for infinite type surfaces

4. Loxodromic elements and S1 actions

5. Quasimorphisms

(i.e. how to tame your general surface)



General infinite type surfaces

To get a handle on general infinite type surfaces, it is useful to
think of them as constructed combinatorially from a “core tree”
with a root vertex of interest:



Equators for infinite type surfaces

The equator in R2 − Cantor is combinatorially useful. What is the
equivalent notion for a general hyperbolic surface?

It is a “nice” fundamental polygon with geodesic boundary —
topological complexity is measured by how rays and loops cross the
polygon boundaries.



Theorem
There is a fundamental polygon for S which is geodesic and has no
vertex in the interior of the hyperbolic plane.

*the full statement proves more but fills the slide...



How to build an equator

Let’s cut!



How to build an equator, part 2

The complement of all the geodesics is two simply connected
regions.



Equators for infinite type surfaces

=

We again get the conical cover; this time for a general surface.
Note homeos fixing the marked puncture act on S1.



The Gromov boundary of the loop graph

We can again define short rays, loops, and filling rays, and the
associated graphs.

Theorem (Bavard-W)

The Gromov boundary of the loop graph is homeomorphic to the
set of cliques of high-filling rays.



Outline

1. Ray/loop graph background for R2 − Cantor

2. High-filling rays and the boundary of the loop graph

3. Equators for infinite type surfaces

4. Loxodromic elements and S1 actions

5. Quasimorphisms



Loxodromic actions
Suppose h ∈ MCG is has a loxodromic action on the loop graph.
How does it act on the circle?

+

++

- -

-

h

Loop graph Boundary of the conical cover
Theorem (Bavard-W)

Let h ∈ MCG be loxodromic with fixed points associated to cliques
C+(h) and C−(h) of high-filling rays. Then C±(h) are finite and
have the same size. There is some finite k such that hk has
Morse-Smale dynamics on the S1 boundary of the conical cover.



Theorem (Bavard-W)

Let h ∈ MCG be loxodromic with fixed points associated to cliques
C+(h) and C−(h) of high-filling rays. Then C±(h) are finite and
have the same size. There is some finite k such that hk has
Morse-Smale dynamics on the S1 boundary of the conical cover.

Proof idea: the key facts are

1. Every high-filling ray is accumulated on both sides by loops.

2. The sets C±(h) are disjoint compact subsets of S1.



Outline

1. Ray/loop graph background for R2 − Cantor

2. High-filling rays and the boundary of the loop graph

3. Equators for infinite type surfaces

4. Loxodromic elements and S1 actions

5. Quasimorphisms



Quasimorphisms

Let the weight of a loxodromic element h ∈ MCG be
w(h) = |C±(h)|.

Theorem (Bavard-W)

Let g , h ∈ MCG be loxodromic with w(g) 6= w(h). Then the
quasi-axes of g and h are anti-aligned. Hence the space of
quasimorphisms on MCG is infinite-dimensional.

Remark: (Bavard-Genevois) MCG is not acylindrically hyperbolic.
(This would be a simpler way of getting infinite-dimensional space
of quasimorphisms).



Anti-aligned

Bestvina-Fujiwara define g ∼ h if there are arbitrarily long
segments of a quasi-axis for g which are mapped (by an element
f ∈ MCG) in an orientation-preserving way onto a quasi-axis for h.
(up to constants from δ-hyperbolic).

1. ∼ is an equivalence relation.

2. g ∼ h iff gk ∼ g ` for any k , ` with k` > 0.

3. If g , h have positive powers which are conjugate, then g ∼ h

Theorem (Bestvina-Fujiwara)

If a group has a nonelementary action by isometries on a
δ-hyperbolic graph, and there are loxodromic elements g , h with
g 6∼ h, then the space of quasimorphisms is infinite-dimensional.



Quasi-axes in the loop graph

Lemma
Let h ∈ MCG be loxodromic with quasi-axis zn. For all C > 0,
there is N > 0 and neighborhoods B(λ) for each λ ∈ C±(h) such
that:

I For λ 6= λ′, we have B(λ) and B(λ′) disjoint.
I The C -neighborhood of (zn)n>N is contained in

⋃
λ∈C+(h) B(λ).

I The C -neighborhood of (zn)n<−N is contained in
⋃
λ∈C−(h) B(λ).

+

++

- -

-



Quasimorphisms

Theorem (Bavard-W)

Let g , h ∈ MCG be loxodromic with w(g) 6= w(h). Then the
quasi-axes of g and h are anti-aligned. Hence the space of
quasimorphisms on MCG is infinite-dimensional.

Proof idea: Using the dynamics of g , pick w(g) loops z1, . . . , zw(g)

which are cyclically in order around the circle and in the basins of
attraction of the w(g) rays in C+(h) (for h) and in the basins of
attraction of C−(h) (for h−1). Generate a quasi-axis zn with these
points.

Suppose we map a long segment of zn onto a long segment of a
quasi-axis for h. Then (after shifting by h)

1. The w(g) points at the ends of the segment (2w(g) total)
must be mapped cyclically alternating in order.

2. These 2w(g) points must lie in the B(λ) neighborhoods of
C±(g).

3. There are only 2w(h) of the B(λ). WLOG w(h) < w(g).
Contradiction.


